Estimation of the domain of attraction of a class of susceptible infectious removed susceptible (SIRS) epidemic models for varying-size population with constant immigration is investigated. On assumption that the disease-free equilibrium and the endemic equilibrium exist, the domain of attraction of epidemic model is estimated by using sum-of-squares optimization approach. An invariant subset of domain of attraction is computed and an enlargement obtained. Simulation results, given in a comparison presentation, demonstrate feasibility and validity of the proposed technique as well as reveal that this algorithm outperforms other ones in applications to the epidemic model.
INTRODUCTION
The estimation of domain of attraction (DOA), i.e. region where the system is asymptotically stable, as an interesting research topic in the stability analysis of nonlinear systems as well as optimal control systems (Khalil, 2002; Bryson and Ho, 1975) , has been studied by many researchers due to its importance in both theoretical studies and practical applications. For instance, theory and application problems exist in power systems, chemical reaction system and under-actuated planar manipulator systems (Khalil, 2002) . Accordingly, note that infectious disease is a very common phenomenon, the study of the DOA for the epidemic disease model is of a great importance since it can give guidance how to forecast and/or determine the development trend of an infection thus help societies. The solution can be used to describe the spread characteristics of infectious diseases, predict the status of the infection and evaluate the efficiency of the control strategies.
In the past years, the mathematical analysis of epidemic models are often devoted to the problems of the assessment of the asymptotic stability of both the disease free equilibrium and a possible endemic equilibrium. Among recent studies, Brauer and Castillo-Chavez (2001) applied stability analysis theory to find the equilibrium for the This work is supported by the National Natural Science Foundation of China (grant 60774097) and Fundamental Research Funds for the Central Universities of P.R. China (grant N100604019), by Ministry of Education and Science of the R. Macedonia (grant 14-3154/1-17.12.2007) , and by Dogus University Fund for Science.
SIRS epidemic model. In their respective works, the global asymptotic stability of both the disease-free equilibrium and a possible endemic equilibrium have been analyzed in Yuan and Wang (2010) , Tang and Li (2007) and Li and Ma (2008) . Zaman et al, (2008) investigated the local stability analysis and optimal vaccination of a class of SIR models. The local stability of the equilibrium for SIRS and SEIRS models had been considered in Lan et al (2007) under the assumption that the incidence rate was given. And the study of the DOA for the epidemic models can be found in Brauer (2001) and Ma et al. (2004) .
In Hahn (1967) it was proved the estimation of the domain of attraction of dynamical systems can be translated into an optimization problem in order to be solved. Thus in order to analyze the epidemic model, both qualitatively and quantitatively, many scholars paid more attention to certain optimization problems. In turn, a considerable number of studies on DOA estimation and optimized DOA for the epidemic dynamical model have appeared. An optimization approach for finding the DOA of a class SIR models, based on the moment theory is presented in . Matallana et al. (2007) computed the DOA in epidemiological models with constant removal rates of infected individuals in. Makinde (2007) contributed a domain decomposition approach to a SIR epidemic model with constant vaccination strategy. A translation of the severely constrained optimization problems into LMI problems based on the moment theory is given in Lassere (2006) , where an attempt to expand the robust optimization approach further into hard polynomial pro-gramming problems also give. Subsequently, an algorithm for solving the optimization problems for estimation of DOA via the approach employing LMI techniques is found in Hachico and Tibken (2002) and further innovated in Hachico (2007) , which expedited considerably the computational time.
Sum-of-squares (SOS) optimization method via employing the LMI technique was proposed for the first time to the control community in Chesi et al (1999) . The power of the SOS method stems from the fact that SOS problems result in semi-definite programs (SDP), which can be solved efficiently in polynomial systems. Subsequently, it was reelaborated in considerable depth for the purpose of computing the polynomial Lyapunov functions for nonlinear systems in Jarvis-Wloszeks (2003) PhD thesis. Thereafter many researchers exploited the SOS method to provide lower bounds on the largest estimation of the DOA using convex LMI optimization techniques. A certain new development of SOS optimization was given in (Prajna et al, (2004) . Another analysis technique for the stability region with SOS programming was proposed in Tan and Packard (2006) . The local stability analysis by combined usage of simulations and sum-of-squares programming was given in Topcu and Packard (2008) . Important contributions to the estimation of domain of attraction for polynomial systems were given in Chesi (2004) , and subsequently for non-polynomial systems in Chesi (2007 Chesi ( , 2009 . Certain novel developments of the SOS optimization in control applications are given in Chen et al (2008) . The natural follow up of these results is that the optimization problem of the DOA for a given class of systems has gained research interests as one of the rather important problems in the field of systems and control theory.
In this paper, we use sum of squares (SOS) optimization to estimate the domain of attraction (DOA) of a class of susceptible-infected-recovered-susceptible (SIRS) epidemic dynamic models for varying size population with constant immigration, considering the death factor in the conditions. On the basis of assuming the existence of disease-free equilibrium and the endemic equilibrium of model, the local stability is analyzed systematically, and the domain of attraction in the endemic equilibrium is estimated by using the above optimization method. Finally, a numerical example is examined to demonstrate the feasibility and effectiveness of the optimization method, and we also relate and compare the estimation method with the computation results.
PRELIMINARIES

Estimation of DOA as an optimization problem
Given the autonomous systeṁ
with f (0) = 0, the domain of attraction (DOA) of x = 0 is
where x(·, x 0 ) denotes the solution of (2) corresponding to the initial condition
Lemma 1 Let D ⊂ R n be a domain containing the equilibrium point x = 0 of the system. Let Lyapunov function V (x) be a continuously differentiable real-valued function defined on a domain D ⊂ R n containing the origin. If the following condition is satisfied
then the system (1) is asymptotically stable about x = 0,Moreover, any bounded region
such that Ω c ⊂ D describes an positively invariant region contained in the equilibrium points domain of attraction.
Lemma 2. If there exists the continuous, differentiable and positive function V (x) satisfies
describes an positively invariant region contained in the equilibrium points domain of attraction.
Estimation of DOA as an optimization problem can be introduced ad follows. Let
where P is a positive definite matrix. The hypersurfaces given byV (x) = 0, x = 0 define the boundary of the region of negative definiteness ofV (x) in which we seek the guaranteed estimation Ω c . In the case of quadratic Lyapunov functions such an estimation is the interior of the ellipsoid defined by (3). Our objective is to find the maximum value c * of c such thatV (x) is negative definite in Ω c . Note that this c * is defined by the following optimization problem Findc
Sum of squares optimization method
And denote that
is the set of SOS in n variables.
The existence of an SOS decomposition can be shown to be equivalent to the existence of a positive semidefinite matrix Q such that
where Z(x) is the vector of monomials of degree less than or equal to deg (p)/2.
An SOS decomposition for p(x) can be computed using semidefinite programming, since it amounts to searching for an element Q in the intersection of the cone of positive semidefinite matrices and a set defined by some affine constraints. Note, in particular, that the polynomial p(x) is globally nonnegative if it can be decomposed as an SOS. Hence, the SOS decomposition in conjunction with semidefinite programming provides a polynomial-time computational relaxation that proves global nonnegativity of multivariate polynomials which belongs to the class of NPhard problems.
The optimization problem based on sum of squares can be introduced, it is to minimize the linear objective function ω T c under some constraints as follows,
where c is a vector formed from the coefficients of the polynomials p i (x), for i = 1, 2, · · · ,N and the sum of
ESTIMATION OF DOA OF SIRS MODEL VIA SOS OPTIMIZATION
SIRS Model Description
The following SIRS epidemic model is studied in here:
where S(t) is the number of susceptible individuals at time t, I(t) is the number of infective individuals at time t, R(t) is the number of recovered individuals at time t, β is the infection rate, A is the recruitment rate of the population, c is the sensible rate without immunity, d is the natural mortality rate of the population, r is the recovery rate of infective individuals, α is the death rate due to disease, and δ is the rate that removed return to the susceptible class, and all the parameters are strictly positive constants.
The total population size at time t is denoted by N with N = S + I + R, and N satisfies the following equation.
then when the disease does not exist, the number of the population is tend to the constant A/d , and when N > A/d, thenṄ < 0, so all solutions of (1) will remain or be tend to the field of D , where
Firstly, the equilibrium points can be solved easily as follows, where P 1 A d , 0, 0 is the disease-free equilibrium point, and the endemic equilibrium point is P 2 (p 1 , p 2 , p 3 ), where
Then we analyze asymptotic stability of the disease-free equilibrium and the endemic equilibrium of the SIRS epidemic model. And R 0 = βA/d(d + α + r + c) denotes the basic reproduction number.which determines whether the disease dies out or remains. Firstly, we give the following theorem.
Theorem 1. If R 0 < 1, then P 1 is the unique equilibrium point of (5), and it is globally asymptotically stable; if R 0 > 1, then P 1 and P 2 are two equilibrium points of (5), which P 1 is unstable, but P 2 is locally asymptotically stable.
Proof. Let
For P 1 , we have
the eigenvalues of M 1 are
So, when R 0 < 1, we know that λ 3 < 0, and thus P 1 is locally asymptotically stable. Since P 1 is unique, we can also know that P 1 is globally asymptotically stable. When R 0 = 1, we know that λ 3 > 0, and thus P 1 is unstable.
For P 2 , we have
and the characteristic polynomial is
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where
It is easy to show that a 1 > 0. Furthermore, det Δ 2 = a 1 1 a 3 a 2 > 0. In fact, let Ω = Aβ − dr
Hence P 2 is locally asymptotically stable, when R 0 > 1.
Estimation of DOA of SIRS Model
Notice that P 2 is locally asymptotically stable, when R 0 > 1. Firstly, let x = S − p 1 , y = I − p 2 , z = R − p 3 , then P 2 is translated into P 2 (0, 0, 0) and the system (5) can be rewritten as follows:
In this subsection, we will research the DOA of SIRS Model in P 2 using sum of square optimization method.
To fit the assumptions of Lemma 1 into an SOS programming framework,we will first restrict V (x) with V (0) = 0, as in the global case. Additionally we will describe D 0 with a semi-algebraic set
with p(x) ∈ Σ 3 , positive definite, and ρ ≥ 0 to insure that D 0 is connected and contains the origin. Now the requirements of Lemma 1 for asymptotic stability become
In order to find this largest estimate of the region of attraction, we will satisfy the Lyapunov conditions above for the largest D by fixing p and maximizing ρ subject to the Lyapunov conditions. In this approach, the level sets of p give the shape of the regions over which we will be checking the Lyapunov conditions. We pose the following optimization to search for V using the set emptiness form of the set containment constraints above max
we can estimate the region of attraction by maximizing ρ subject to the constraint that all of the points in D 0 converge to the origin under the flow of the system.Following Lemma 2, if we define
for some as of yet unknown candidate Lyapunov function, then D 0 must be contained D. The problem of finding the best estimate of the region of attraction in this framework can be written with set emptiness constraints as max
These conditions are not yet semi-algebraic as they contain the non-polynomial constraint x = 0. We can get around this problem by usingl 1 , l 2 ∈ Σ 3 , positive definite, and replacing x = 0 with l(x) = 0 to get max
We can get the constrained condition of SOS optimization which is simplified for the formula through the theorem of P-satz (Bochnak, 1986) and Generalized S-procedure (Boyd,1994) . max
Remark 1 dV should be even. And since the ss, and the ls are SOS, they must be of even degree. Additionally, the degrees need to be chosen so that following relations hold: For the first SOS constraint
For the second SOS constraint deg(
NUMERICAL SIMULATION AND ANALYSIS
In this section, in order to show the effectiveness and the feasibility of SOS optimization method proposed in this paper, a numerical example of SIRS epidemic model is explored. We take A = 4, r = μ = ε = c = β = 1 2 . Then R 0 = 2 > 1. The model can be written as
And the coordinate of the point P 2 is 4,
Setting the degrees of V, l 1 , l 2 , s 1 , s 2 , s 3 as follows,
By using the SOSTOOLS (Prajna et al, 2004) , the Lyapunov function V 2 (x, y, z) can be computed as follows,
The domain of attraction of (7) can be computed as follows,
and ρ max = 1.7704.
Because the domain of attraction obtained is the irregular sphere. Therefore, we give the simulation of DOA of SEIR epidemic model based on SOS optimization methods. The results of running are shown in Figure 1 . Even though the Lyapunov function V 2 (x, y, z) is quadratic and the SOS multipliers are of low degree, we can look at Figure 1 and tell that, for the SOS optimization method, the largest value of ρ max possible has been found.
In this section, a comparison analysis of the different performance results of the different optimization problem is given. Firstly, a Lyapunov function V 1 (x, y, z) is chosen as follows, Then the DOA of system (7) can be obtained by using the LMI optimization method based on the moment theory (Li, Ryoo, Li and Cao, 2009 ) as follows, 
It also can be observed from Figure 1 that the ellipsoids show the two estimates of the region of attraction using the different optimization method. The smaller ellipsoid comes from the optimization method in (Li, Ryoo, Li and Cao, 2009) , while the larger ellipsoid comes from SOS optimization method. Simulation result shows that we have obtained the enlargement of the domain of attraction using SOS optimization method.
Remark 2 In fact, SOS optimization method provides a dynamic iterative algorithm to solve the optimal Lyapunov function, which can used to estimate the domain of attraction. So it can get the larger domain of attraction than LMI 
CONCLUSIONS
In this paper, we discuss the stability of an SIRS epidemic model in the disease-free equilibrium and the endemic equilibrium. Furthermore, we use sum of squares (SOS) optimization method to estimate the domain of attraction.
The viability of all these ideas is confirmed by the successful application to the model. Meanwhile, we compared the optimization approaches on analyzing the epidemic model. This ellipsoid is reasonably sensible and the computational burden is drastically reduced (compared to the pure Lyapunov blind search). Simulation results are given to verify the validity of the approaches proposed to the problem.
However, we also get that the computational time of the two different optimization methods (LMI optimization method and SOS optimization method ) is 15.8s vs. 480s. LMI method can save some computing time because of the linear expressions. Thus, How to construct the more effectively optimization method to estimate the domain of attraction will become the future work.
